Abstract.
Introduction
The first discovery of the relation between the Selberg zeta function and the determinant of the Laplacian was by physicists [3, 4, 7] . Sarnak [14] and Voros [ 15] obtained the determinant expression of Selberg zeta functions for compact Riemann surfaces with torsionfree fundamental groups. In those cases, all the spectrum of the Laplacians are discrete. The determinant was defined via the holomorphy at the origin of the spectral zeta function of Minakshisundaram and Pleijel [13] . For noncompact but finite Riemann surfaces with torsionfree fundamental groups, these results are generalized by Efrat [5] . In this case there exist both discrete and continuous spectrum. He constructs the spectral zeta function composed not only of eigenvalues but some values concerning continuous spectrum, which are decided by all the poles of the scattering determinant in the Selberg trace formula. The determinant of the Laplacian is defined by the standard method with the holomorphy of the spectral zeta function at the origin. The aim of the present paper is to generalize his results to the case with any fundamental group Y ( §3) and to give some arithmetic examples of the determinant of the Laplacians ( §4). In §4, we restrict ourselves to the case when Y is a congruence subgroup of PSL(2, Z). In this case the partial spectral zeta function composed of only eigenvalues is also holomorphic at the origin [11, Theorem 3.3] . Hence we have a decomposition of the determinant into parts corresponding to the discrete and continuous spectrum. The scattering determinant is expressed very explicitly by Huxley [8] in terms of Dirichlet 7-functions £(i, x) ■ Almost all the poles of the scattering determinant are described by nontrivial zeros of L(s, x) ■ The continuous part of the determinant can also be expressed by 7(5, x) > m which the arithmetic information of Y appears, whereas the geometric information goes into the discrete part.
Another example of this type of the decomposition is in [10, §6] , where Y is some arithmetic subgroup of PSL(2, C) acting on the real three-dimensional hyperbolic space.
In the general case, the decomposition of the determinant is unknown. We need more information about the properties of the scattering determinant. The background and the principle of the theory are described in [9] .
The theorem of Efrat
We start by reviewing the result of Efrat [5] , for torsion-free Y. The Laplacian for the upper half plane H on 7 (T\H) has both discrete and continuous spectrum. The latter is described by the scattering matrix ®(s), whose entries come from the constant terms of the Eisenstein series. Let tf>(s) be the determinant of <&(s). Then we list three types of sequences:
(1) The set Sx of sn £ C such that sn(l-sn) = Xn , where Xn is the discrete spectrum of A. These groups have elliptic elements in general. In these cases the scattering determinant is obtained by Huxley. where K0 := -tr 0(5), which is equal to the number of x such that L(s, x) has a pole as s = 1.
In this theorem the conditions on x are described in [8] , and the number of X is equal to K. If x is in the product, so is x • The number F is a positive integer composed of prime factors of N. Put 7(5) := (F7TV2nr>/2)7(5, *). All we have to do is to examine all the other terms in the trace formula. The contribution of the continuous spectrum and parabolic conjugacy classes is the sum of the following three terms: We deduce the following theorem.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Proof. The discrete part detj is the same as the discrete part defined in [11] , in which we have the identity Hence we get the conclusion. Q.E.D.
